We show that the theory of derivators (or, more generally, of fibered multiderivators) on all small categories is equivalent to this theory on partially ordered sets, in the following sense: Every derivator (more generally, every fibered multiderivator) defined on partially ordered sets has an enlargement to all small categories that is unique up to equivalence of derivators. Furthermore, extending a theorem of Cisinski, we show that every bifibration of multi-model categories (basically a collection of model categories, and Quillen adjunctions in several variables between them) gives rise to a left and right fibered multiderivator on all small categories.
Introduction
Let M be a model category. Cisinski has shown in [2] that the pre-derivator associated with M, defined on all small categories, is a left and right derivator. This does not use any additional properties of M such as being combinatorial, or left or right proper. In this article we show that the analogous statement holds true also for fibered multiderivators (in particular for fibered derivators and monoidal derivators). More precisely: Recall [3, Definition 4.1.3] that a bifibration of multi-model categories is a bifibration D → S of multicategories together with the choice of model category structures on the fibers such that the push-forward and pull-back functors along any multimorphism in S form a Quillen adjunction in n variables (and an additional condition concerning "units", i.e. 0-ary push-forwards). is π-(co)Cartesian, if for any morphism µ ∶ i → j in I mapping to an identity under π, the corresponding morphism D(µ) ∶ i * X → j * X is (co-)Cartesian. If E is the trivial category, we omit π from the notation, and talk about (absolutely) (co-)Cartesian objects.
Note: If S is trivial or if X lies over an object of the form π * S for S ∈ S(E) the notions π-coCartesian and π-Cartesian coincide. has a left (resp. right) adjoint, we call that adjoint a left (resp. right) (co)Cartesian projector, denoted ◻ π ! (resp. ◻ π * ). In this article it is always clear from the context, whether Cartesian or coCartesian objects are considered hence we will not use the notation ∎ ! , ∎ * from [loc. cit.].
We want to extend (left or right) fibered multiderivators D → S from a diagram category Dia
′ to a larger diagram category Dia. Here S can be any pre-multiderivator (or even a 2-pre-multiderivator) satisfying (Der1) and (Der2). We assume that S is already defined on the larger diagram category Dia and that D is a left (resp. right) fibered multiderivator over S such that also (FDer0 right) 4 resp. (FDer0 left) hold true.
Let Dia
′ ⊂ Dia be diagram categories. We suppose given a functor N ∶ Dia → Dia ′ in which, forgetting 2-morphisms, Dia and Dia ′ are considered to be usual 1-categories, together with a natural transformation π ∶ N ⇒ id with the following properties:
4 at least when neglecting the multi-aspect (N1) For all I ∈ Dia, the comma category N (I) × I N (I) (formed w.r.t. the functors π I ) is in Dia ′ as well.
(N2) For all I, J ∈ Dia, we have
(N3) For all I ∈ Dia, π I is surjective on objects and morphisms, and has connected fibers.
(N4 left) For any functor α ∶ I → J in Dia and for any object j ∈ J the diagram
is 2-Cartesian (i.e. identifies the top left category with the corresponding comma category).
(N5 left) For any pre-derivator D satisfying (Der1) and (Der2) and for all I ∈ Dia with final object i the functors
form an adjunction, with n * left adjoint, where n is some object with π I (n) = i and p ∶ N (I) → ⋅ is the projection. Furthermore the counit of the adjunction is the natural isomorphism and the unit is an isomorphism on (absolutely) Cartesian objects.
Some immediate consequences of the axioms are listed in the following:
1. Property (N5 left) is true w.r.t. any object n with π I (n) = i.
2. Let D → S be a left fibered derivator satisfying also (FDer0 right) 5 . Let J ∈ Dia ′ , let I ∈ Dia with final object i, and let S ∈ S(I × J) be an object. Let n ∈ N (I) with π I (n) = i. We denote
There are corresponding dual axioms (with a corresponding dual version of the Lemma which we leave to the reader to state):
(N4 right) For any functor α ∶ I → J in Dia and for any object j ∈ J the diagram
(N5 right) For any pre-derivator D satisfying (Der1) and (Der2) with domain Dia ′ and for all I ∈ Dia with initial object i the functors
form an adjunction, with n * right adjoint, where n is some object with π I (n) = i and p ∶ N (I) → ⋅ is the projection. Furthermore the unit of the adjunction is the natural isomorphism and the counit is an isomorphism on (absolutely) Cartesian objects. Proposition 2.5. A strict functor N as in 2.3 exists in the following cases and satisfies axioms (N1-3), (N4-5 left) (resp. (N4-5 right)):
Here Cat
○ is the category of those small categories in which identities do not factor nontrivially. Observe that Cat ○ is self-dual, and that Dir ⊂ Cat ○ and Inv ⊂ Cat ○ .
Proof. The functors N are the following: For the pair (Dir ⊂ Cat) denote by N ○ (I) the semisimplicial nerve of I. By applying the Grothendieck construction to the semi-simplicial set N ○ (I) we obtain a directed diagram which is an opfibration with discrete fibers over (∆ ○ ) op :
It comes equipped with a natural functor
For the pair (Dirpos ⊂ Cat ○ ) denote by N ○ (I) ′ the subobject of the semi-simplicial nerve of I given by simplices ∆ n → I in which no non-identity morphism is mapped to an identity. N and π are defined similarly and it is clear that N (I) is a directed poset. For the pair (Inv ⊂ Cat), by taking the opposite of the functor N constructed for the pair (Dir ⊂ Cat), we get an inverse diagram with a fibration to ∆ ○ :
For the pair (Invpos ⊂ Cat ○ ) we have the obvious fourth construction. We have to check the axioms in each case, but will concentrate on the pairs (Dir ⊂ Cat) (in the following called case A) and (Dirpos ⊂ Cat ○ ) (in the following called case B), the others being dual. (N1-3) and (N4 right) are obvious. (N5 right) Let I ∈ Dia be a diagram with initial object. We let n (in both cases) be the object (∆ 0 , i) of N (I). The unit of the adjunction is the natural isomorphism which in case A is defined by
and in case B by
There are (in both cases) natural transformations
The counit of the adjuntion c ∶ p * n * ⇒ id is given as follows: Applying D to the sequence (1) we get
where the morphism to the right is obviously an isomorphism on π I -Cartesian objects. We let c be the composition going from right to left.
We will now check the counit/unit equations. 1. We have to show that the composition
is the identity. Inserting the definitions, we get that (2) is D applied to the following sequence of functors and natural transformations:
n ξn
where ξn is the inclusion of (∆ 1 , id i ) in case A and is n in case B. The morphisms e 0,1 are the (opposite of the) two inclusions ∆ 0 → ∆ 1 in case A and the identity in case B. Hence in case B it is obvious that the composition (2) is the identity while in case A it follows from Lemma 2.6 (after applying D).
2. We have to show that the composition
is the identity. Inserting the definitions, we get that (3) is D applied to the following sequence of functors and natural transformations:
which consists only of identities. Hence the composition (3) was the identity as well.
Lemma 2.6 (right). Let D be a pre-derivator with domain Dia ′ , let I be a diagram in Dia with initial object i, and let E ∈ D( ∫ N ○ (I)) π I −cart . Then the two isomorphisms
which maps all morphisms to isomorphisms. Since π 1 ((∆ ○ ) op ) = 1, necessarily all parallel morphisms are mapped to the same isomorphism. 
6 at least when neglecting the multi-aspect
7
The proposition has an obvious right variant which we leave to the reader to formulate.
Proof. Recall from [4, 6.8] that a left fibered derivator with domain Dia
′ gives rise to a pseudofunctor of 2-categories (the multi-aspect is not needed here):
For each triple (I, J, S) as in the statement, we define the following monad T in ( This adjunction defines a monad T ∶= [π
cor (S) because of axiom (N1). Let us explicitly write down (a correspondence isomorphic to) T as well as the unit:
Here the topmost correspondence is equipped with the morphism f ∶ pr * 1 π * I,J S ⇒ pr * 2 π * I,J S induced by the natural transformation associated with the comma category. Point-wise for (n, j) ∈ N (I) × J and E ∈ D(N (I) × J) pr * J S we thus have for i ∶= π I (n):
Obviously the right hand side depends only on (i, j). Therefore the object Ψ(T )E is π I,J -Cartesian. Note that by (N4 left) we have
The unit is given point-wise by the natural morphism
If E is π I,J -Cartesian (N (pr 1 ), j) * E is π I,J -Cartesian as well, and this map is an isomorphism by Lemma 2.4, 3.
The following Lemma is well-known but due to lack of reference in this precise formulation we include its proof.
Lemma 3.2 (left)
. Let (C, T, u, µ) with T ∶ C → C, u ∶ id ⇒ T , and µ ∶ T 2 ⇒ T be a monad in CAT and let D ⊂ C be a full subcategory such that
T takes values in D,
2. the unit u ∶ id ⇒ T is an isomorphism on objects of D.
Then T , considered as functor C → D, is left adjoint to the inclusion D ↪ C.
There is a corresponding right version in which a comonad gives rise to a right adjoint to the inclusion.
Proof. Consider T as functor C → D, which is possible by assumption 1., and denote ι the inclusion D ↪ C. We define the unit id → ιT of the adjunction to be the unit u of the monad. The counit T ι → id is its inverse which exists by assumption 2. To show that this defines indeed an adjunction, we have to show the equation uT = T u as natural transformations T ⇒ T 2 (which is to say that the monad is an idempotent monad). By the definition of monad, we have the diagram
in which both compositions are the identity. Hence to show that uT = T u we have to show that one of them is an isomorphism, for then µ is an isomorphism as well, and hence after canceling µ we have uT = T u. However uT is an isomorphism by the assumptions.
Proposition 3.3 (left)
. Let D → S be a left fibered derivator with domain Dia ′ satisfying also (FDer0 right)
7 . For each I ∈ Dia, J ∈ Dia ′ , and S ∈ S(I × J) the functor
is an equivalence of categories. Its inverse is given by (N (pr 1 ), pr 2 ○π I,J ) ! followed by the left π I,J -Cartesian projector of Proposition 3.1.
) and π 2 ∶= π I,J . Consider the composition:
With the following notation
cor (S) associated with π I×J and π I,J are respectively:
Consider the following diagram in which the objects are 1-morphisms in (Dia ′ ) cor (S) and in which the 2-morphisms are given by the obvious units and counits:
at least when neglecting the multi-aspect
The composition of the second row is the identity. Note that this diagram lies actually in (Dia ′ ) cor (S) although L 2 and R 2 do only lie in Dia cor (S). Hence after applying the functor Ψ ∶ (Dia ′ ) cor (S) → CAT and evaluating everything at a π I×J -Cartesian object we obtain a diagram in which 1 is mapped to an isomorphism because T I×J = L 1 ○L 2 ○R 2 ○R 1 is mapped to a left π I×J -Cartesian projector. Also 3 is mapped to an isomorphism because T I,J = R 2 ○ L 2 is mapped to a left π I,J -Cartesian projector. Hence 2 is mapped to an isomorphism. However the image of 2 is Ψ(R 1 ) = π * 1 applied to the unit
is mapped to an isomorphism on π I×J -Cartesian objects, hence the counit
is an isomorphism on π I×J -Cartesian objects. Therefore π * 1 and Ψ(T I,J )π 1,! constitute an equivalence as claimed. 
Enlargement
Note that D(N (I)) π I −cart over S(N (I)) is not necessarily bifibered (the pull-back, resp. pushforward functors will not preserve the D (N (I) ) π I −cart subcategories, whereas the pull-back E(I) is bifibered over S(I) by the following argument. CoCartesian morphisms exist because for morphisms in the image of π * I ∶ S(I) → S (N (I) ) the push-forward preserves the condition of being π I -Cartesian. In the same way, 1-ary Cartesian morphisms exist because for morphisms in the image of π * I ∶ S(I) → S(N (I)) the pull-back will preserve the condition of being π I -Cartesian. For n-ary morphsims, n ≥ 2 this need not to be true (the n-ary pull-backs are not necessarily "computed point-wise"). However, let f ∈ Hom S(I) (S 1 , . . . , S n ; T ) be a multimorphism. An adjoint of the push-forward
w.r.t. the i-th slot always exists, and is given by the usual pull-back (π * I f )
•,i followed by the right π I -Cartesian projector of Proposition 3.1 (right). Since the right π I -Cartesian projector exists only when D → S is right fibered we can only show (FDer0 right) neglecting the multi-aspect if D → S is not assumed to be right fibered as well. This shows that the pull-back E(I) → S(I) is bifibered (with the mentioned restriction). A functor α ∶ I → J induces the following commutative diagram
Hence via pullback we get a diagram
and the upper horizontal functor maps coCartesian morphism to coCartesian morphisms and Cartesian 1-ary morphisms to Cartesian 1-ary morphisms. This shows (FDer0 left) and the first part of (FDer0 right). The remaining part of (FDer0 right) will be shown in the end. We now construct the 2-functoriality of E and concentrate on the left case, the other being dual. A natural transformation µ ∶ α ⇒ β where α, β ∶ I → J are functors can be encoded by a functor µ ∶ I × ∆ 1 → J such that µ 0 (restriction to I = I × e 0 ) is α and µ 1 (restriction to I = I × e 1 ) is β. We use the equivalence
. From an object E ∈ E(J) over S ∈ S(J) we get an object
where f is the composition
This defines the 2-functoriality. The axioms (Der1-2) for E are clear (use axiom (N2) for (Der1)). For the axioms (FDer3-4) we concentrate on the left case again, the other is dual.
(FDer3 left) Let α ∶ I → J be a functor in Dia. By assumption relative left Kan extensions exist for D, i.e. the functor
, we obtain also a left adjoint to N (α) * restricted to the respective subcategories, namely ◻
(FDer4 left) Consider a diagram as in the axiom:
and the following induced diagram:
By definition of the left π J -Cartesian projector we have that
where n is any element of N (J) mapping to j. Therefore
Finally note that the composition
is isomorphic to p N (I× J j),! because left Cartesian projectors commute with relative left Kan extensions. By Lemma 2.4 the second functor is an equivalence, and we deduce the isomorphism
A tedious check shows that this isomorphism can be identified with the base change morphism of (FDer4 left). 2.4, 3-4. ). Therefore we may rewrite the morphism as
Since all arguments, except the i-th one, are on N (⋅) and supposed to be π-Cartesian, they are in the essential image of π * as well (π ! π * is isomorphic to the identity on them, as just explained). Therefore it suffices to show (using FDer0 left) that
is an isomorphism. This follows from (FDer5 left) for the original left fibered multiderivator D → S. That E enlarges D and that any other enlargement F is equivalent to E is shown as follows. From Proposition 3.3 applied for I = ⋅ and for J ∈ Dia ′ we get an equivalence
Since F is equivalent to D on Dia ′ we have
Finally, if the fibers of D are right derivators with domain Posf (in the left case of the Theorem) then for all S ∈ S(K), with K ∈ Dia, and for all functors α ∶ I → J in Posf the pull-back
has a right adjoint (id ×α) * such that Kan's formula holds true for it. It is easy to see that both (id ×α) * and (id ×α) * respect the subcategories of π K,I -Cartesian, resp. π K,J -Cartesian objects. Therefore the fibers of E are left derivators with domain Posf again, because by Proposition 3.3 we have an equivalence
(via the pull-back). Proof. Let α now be an arbitrary opfibration. By axiom (Der2) it suffices to see that the natural morphism
is an isomorphism point-wise. Using the homotopy Cartesian squares
Using the assumption, i.e. (FDer0 right') , the second statement of (FDer0 right) holds for ι I , and ι J , respectively. Thus, we are left to show that p j, * S(µ j )
• (ι induced by the unit id → ρ * ρ * . Since α is an opfibration, ρ has a left adjoint ρ ′ given as follows: It maps an object j → j ′ in j × J J to some (chosen for each such morphism) corresponding coCartesian
is an equality the statement follows. (FDer5 left') For any diagram I ∈ Dia, and for any morphism f ∈ Hom(S 1 , . . . , S n ; T ) in S(⋅) for some n ≥ 1, the natural transformation of functors
where p ∶ I → ⋅ is the projection, is an isomorphism.
Proof. Let α ∶ I → J be an arbitrary opfibration. We have to show that the natural morphism
is an isomorphism. This can be proven point-wise by (Der2). Applying j * for an object j ∈ J, we arrive at
using (FDer0 left) and that α ! is computed fiber-wise for opfibrations. This is the statement of (FDer5 left').
Lemma 4.5. For an opfibration of the form α ∶ i × I I → I the pullback N (α) * commutes with the right π-Cartesian projector, i.e. the natural (exchange) morphism
Proof. Consider the following cube (where the objects in the rear face have been changed using (N4 right)) = pr
and ◻
Note that, in the cube, the rear face is just a pull-back of the front face. Since N (α) is an opfibration by (N4 right) we have therefore Proof. In view of Theorem 4.1 it suffices to establish that we have equivalences of pre-multiderivators (compatible with the morphism to S)
where E left (resp. E right ) is the left (resp. right) fibered multiderivator -the enlargement of Dconstructed there w.r.t. the N given for the pair (Inv ⊂ Cat) (resp. (Dir ⊂ Cat)).
We sketch the left case, the other can be proven similarly. The idea goes back to Deligne in [1, Exposé XVII, §2.4], see also [3, Proposition 4.1.9]. The statement follows formally from the fact that, for all S, the localization of the fiber Fun(I, D) S is isomorphic to the fiber E(I) S (Proposition 4.7 below) and that the push-forward and pull-back functors can be derived using left or right replacement functors, which exist by Lemma 4.8. Let I ∈ Cat be a small category. We fix push-forward functors f I ] → E(I) induced by π * I and we will construct a functor going in the other direction
By Proposition 4.7 every object in E(I) lies in the essential image of π * I , hence any morphism in E(I) is of the form:
ξ ∶ π * I E 1 , . . . , π * I E n → π * I F lying over π * I f for some f ∈ Hom S(I) (S 1 , . . . , S n ; T ) -or equivalently -
in the fiber E(I) T . It can be represented by a morphism in Fun(N (I), D) π * T of the form There is an obvious right variant of the Proposition which we leave to the reader to state. Note, however, that for given I, the left hand side category is the same in both cases! Note that D (N (I) 1. π * I is exact (i.e. respects the classes W (I,S) and W (N (I),π * I S) ). 2. π * I , when restricted to the localizations, has still a left adjoint defined by π I,! Q, where Q is the cofibrant resolution. Proof: It suffices to show that π I,! Q defines a absolute left derived functor. For this it suffices to see that π I,! maps weak equivalences between cofibrant objects to weak equivalences. This can be checked point-wise. Consider the 2-Cartesian diagram
We have the following isomorphism between underived functors
Now, ι * preserves cofibrant objects (w.r.t. the model structure considered in [3, 4.1.18]) by [3, Lemma 4.1.27] and we know that S(µ) • and p ! both map weak equivalences between cofibrant objects to weak equivalences (both are left Quillen). Therefore π I,! maps weak equivalences between cofibrant objects to weak equivalences as well.
We have to show that the unit (between the derived functors) id → π * I π I,! is an isomorphism on π I -Cartesian objects. This can be shown after applying n * for any n ∈ N (I). Set i ∶= π I (n). We get: n * → i * π I,! which is the same as
where n ′ = (n, id i ) ∈ N (I) × I i. However this is an isomorphism by Lemma 2.4, 3.
We have to show that the counit (between the derived functors)
is an isomorphism. Again, it suffices to see this point-wise. After applying i * and using the above we arrive at the morphism p ! S(µ) • ι * π * I → i * for p and ι as in 2.
On π I -Cartesian objects, p N (I)× I i,! is equal to the evaluation at any n mapping to i by Lemma 2.4, 3.
Recall that for a functor F ∶ C 1 × ⋯ × C n → D, and for given classes of "weak equivalences" W C,1 , . . . , W C,n , W D we call a left replacement functor adapted to F a collection of endofunctors Q i ∶ C i → C i with natural transformations Q i ⇒ id C i consisting point-wise of weak equivalences such that F ○(Q 1 , . . . , Q n ) maps weak equivalences to weak equivalences. It follows that F ○(Q 1 , . . . , Q n ) is an absolute left derived functor of F . Similarly for the right case.
Lemma 4.8. Let (N, π) be the functor and natural transformation constructed in Proposition 2.5 for the pair (Inv ⊂ Cat) (a left case) and (Ñ ,π) the ones for the pair (Dir ⊂ Cat) (a right case). Let I ∈ Cat be a small category and let f ∈ Hom S(I) (S 1 , . . . , S n ; T ) be a multimorphism. has a total right derived functor. The so constructed derived functors form an adjunction in n variables again.
Proof. As usual, we omit the bases from the relative Kan extension functors, they are clear from the context. Let i ∈ I be an object. Note that i * π I,! Qπ * I ≅ p * S(µ)
• ι * Qπ * I
